EMBEDDED PATHS AND CYCLES IN FAULTY
HYPERCUBES

NELSON CASTANEDA AND IVAN S. GOTCHEV

ABSTRACT. An important task in the theory of hypercubes is to
establish the maximum integer f,, such that for every set F of f
vertices in the hypercube Q,,, with 0 < f < f,,, there exists a cycle
of length at least 2™ — 2f in the complement of F. Until recently,
exact values of f,, were known only for n < 4, and the best lower
bound available for f,, with n > 5 was 2n—4. We prove that f; = 8
and obtain the lower bound f, > 3n — 7 for all n > 5. Our results
and an example provided in the paper support the conjecture that
fn= (Z) — 2 for each n > 4. New results regarding the existence
of longest fault-free paths with prescribed ends are also proved.

1. INTRODUCTION

When f “faulty” vertices of the same parity are deleted from the
n—dimensional binary hypercube Q,,, the length of the longest fault-
free cycle cannot exceed 2" —2f. A natural question is to determine the
maximum integer f, such that for every set F of f deleted vertices,
with 0 < f < f,, there exists a cycle of length at least 2" — 2f in
the complement of F. Due to applications in parallel computing, this
question have been studied by several authors in the last two decades.
However, the exact value of f, for an arbitrary n is yet to be estab-
lished.

The best result available in the literature is due to J-S. Fu who proved
in [F] the following theorem. (We follow the notation and terminology
of [Di] unless we explicitly specify otherwise.)
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Theorem 1.1 ([F]). Let n > 3 and F be a set of vertices in Q, of
cardinality f < 2n — 4. Then there exists a cycle in Q,, — F of length
at least 2" — 2f.

Fu’s result is sharp for n = 3 and n = 4, and his lower bound of 2n — 4
for f,, was a considerable improvement over previous lower bounds
found, for example in [T] and [YTR], where the lower bound did not
exceed the dimension. On page 831 of his paper, Fu also made the
following remark: “However, it is not easy to prove that a fault-free
cycle of length of at least 2™ — 2f cannot be embedded in an n—cube
with f faulty nodes, where n > 5 and f > 2n — 3.7

The main theorem in this paper, with which we improve Fu’s theorem
(Theorem 1.1), is the following:

Theorem 1.2. Letn > 5 and f be integers with 0 < f < 3n—7. Then
for any set F of vertices in Q,, of cardinality f there exists a cycle in
9, — F of length at least 2™ — 2 f.

As it follows from our theorem, when n = 5, for example, it is possible
to embed a fault-free cycle of length of at least 2" — 2f in the n—cube
with f faulty nodes, where f = 7 or f = 8 which responds to Fu’s
remark. The following counterexample shows that this is not always
possible when f = 9. Therefore, we establish that f; = 8.

Let n > 4, v be any vertex in Q,,, Sa(v) be the set of vertices at distance
2 from v, w be any vertex in Sy(v), and F = Sa(v) \ {w}. If there were
a cycle of length 2" — 2|F| in Q,, — F it would have to pass through v
and through at least two distinct vertices in Sp(v) which is impossible.
This proves that f, < (Z) — 2 for n > 4.

Fu’s Theorem shows that the upper bound (g) — 2 for f, is sharp for
n = 4 and our results show that it is sharp for n = 5. This motivates
the following conjecture:

Conjecture 1.3. Let n > 4 and f be integers with 0 < f < (’2‘) -2
Then for any set F of vertices in O, of cardinality f there exists a
cycle in Q, — F of length at least 2™ — 2f.

It is clear that if f “faulty” vertices of one parity are deleted from the
hypercube Q,, then the length of the longest path connecting any two
non-deleted vertices u, v of that parity cannot exceed 2™ — 2f — 2. If
one of the vertices u, v is even and the other is odd then the length of
the longest path connecting them cannot exceed 2" — 2f — 1. In [F1]
the author proves that if F is a set of cardinality f < n — 2 then: (1)
a path of length 2" — 2f — 1 is guaranteed to exist in Q,, — F between
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any two vertices of opposite parity in Q,, — F; and (2) a path of length
2™ —2f — 2 is guaranteed to exist in Q,, — F between any two vertices
of the same parity in Q,, —F. In Section 3 we improve these two results
by allowing f < n — 1 in Case (2) without any extra conditions (see
Corollary 3.12), and f < n in Case (1) with the extra natural condition
that at least one neighbor of each end vertex is not the other end vertex
and also is not in F (see Theorems 3.9 and 3.11). In Theorem 3.13 we
improve the result mentioned in Case (1) in a different direction. We
show that if e is an edge that is not incident to any of the faults and the
end vertices then the above mentioned path with length 2" —2f —1 can
be chosen to pass through e. More results about Hamiltonian paths or
cycles with prescribed edges in Q,, can be found in [D] and in [DG].

When additional information regarding the parity of the deleted ver-
tices and of the end vertices is available one should expect to obtain
better estimates for the lengths of longest fault-free paths and cycles.
A conjecture of Locke [L] states that if the number of deleted vertices
from Q, is f = 2k < 2n — 4, with k deleted vertices of each parity,
then a fault-free cycle of length 2" — f in Q,, exists. A proof of this
conjecture for k = 1 is contained in [LS] and for £ < 4 in [CG2]. More
results related to Locke’s conjecture can be found in [CG1]. Castaneda
and Gotchev have also conjectured that if the number of deleted ver-
tices from Q, is f = 2k + 1 < 2n — 5, with k even and k + 1 odd
deleted vertices, then for any two non-deleted even vertices there ex-
ists a Hamiltonian path (of length 2" — f — 1) in the complement of
the set of deleted vertices with the two even vertices at the ends [CG2,
Conjecture 6.2]. Somehow related to this conjecture is Theorem 4.3
in this article, which states that if f < n vertices of one parity are
deleted from Q,,, then for any two given non-deleted vertices of the op-
posite parity there is a fault-free path of the maximal possible length
of 2" — 2 f with the two given vertices at the ends. The same theorem
also contains a similar result for f = n with the natural additional con-
dition that at least one neighbor of each of the prescribed end vertices
is non-deleted.

This article is organized as follows. In Section 2 we introduce the basic
definitions and notation used in this paper. Section 3 contains several
results regarding the existence of longest path in faulty hypercubes
when the ends of the path are prescribed. Section 4 contains some
facts regarding longest paths with prescribed ends when additional in-
formation about the parity of the faulty vertices and of the end vertices
is known. To avoid making the paper too long, in that section we re-
strict ourselves to consider only the case when all the deleted vertices
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are of the same parity which is the case that we use later in the paper.
Section 5 deals with the case n = 5, and Section 6 with the case n > 5,
of the proof of the main theorem. Some of our proofs use results from
the article [CG2| that are summarized in a table in Appendix A. Fi-
nally, Appendices B and C contain tables for special cases of the proof
of Theorem 3.11.

2. PRELIMINARIES

The n—dimensional binary hypercube Q,, is the graph with a vertex
set V(Q,,) containing all binary sequences of length n and whose edges
are pairs of binary sequences that differ in exactly one position. If
a=(ay,...,a,)isavertex in Q, then P;(a) = a; is the i—th component
of a. The subgraphs of Q,, induced by P;*(1) and P, *(0) will be refered
to as plates. We call the plates top and bottom plates and denote
them by Q! and Q%!. Clearly, each plate is isomorphic to an (n —
1)—dimensional hypercube. If A is a set of vertices in Q,, then we set
AP = AN V(QIP) and A™ = ANV(QP). A given vertex is called
even if it has an even number of 1’s in its components; otherwise the
vertex is called odd. In the sequel 7, r1,... represent vertices of one
parity in Q,, that we call red and g, gi,... represent vertices of the
opposite parity, that we call green. Regarding a pair of vertices we say
that the pair is charged if the two elements in the pair are of the same
parity and that the pair s neutral if the two elements are of opposite
parity. We call a pair green (red) if both vertices are green (red).

A fault F in Q, is a set of deleted vertices. The mass M of a fault F
is the total number of vertices in the fault. Let r(F) be the number
of red vertices and ¢g(F) be the number of green vertices in a fault F
of Q,. The charge of a fault F is the number C' = |r(F) — g(F)|. Let
also € be a set of disjoint pairs of vertices of Q,,, r(€) be the number
of red pairs in £, and ¢g(€) be the number of green pairs in £. We say
that the set of pairs € is in balance with the fault F if all the vertices in
the elements of £ are from Q,, — F and r(F) — g(F) = g(€) —r(E). A
path covering of a graph G is a set of vertex disjoint paths that covers
all the vertices of G. When the endpoints of a path are of the same
parity (color) we say that the path is charged; otherwise we say that
the path is neutral. An obvious necessary condition for a set &£ of pairs
of vertices to be the set of endpoints of a path covering of 9O, — F is
that £ be in balance with F.

Definition 2.1. Let M,C, N,O be nonnegative integers and F be a
fault of mass M and charge C' in Q,. We say that one can freely
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prescribe ends for a path covering of Q,, — F with N neutral paths and
O charged paths if

(i) there exists at least one set € of disjoint pairs of vertices that
15 1 balance with F and contains exactly N neutral pairs and
O charged pairs; and

(ii) for every set £ of disjoint pairs of vertices that is in balance
with F and contains exactly N neutral pairs and O charged
pairs there exists a path covering of Q,, —F such that the set of
pairs of end vertices of the paths in the covering coincides with

£.

It is easy to see that if in Q,, there exists a fault F of mass M and
charge C, and a set of pairs of vertices £ that is in balance with F
and contains exactly N neutral pairs and O charged pairs, then 2™ >
M+ C+ 2N +20.

Let Au,c.n,0 be the set of nonnegative integers m such that

(i) m >log, [M + C + 2N + 20]; and

(ii) for every n > m and for every fault F of mass M and charge
C in Q, one can freely prescribe ends for a path covering of
Q,, — F with N neutral paths and O charged paths.

We let [M, C, N, O] denote the smallest element in Ay o o if this set
is nonempty. All known to us values of [M, C, N, O] are given in a table
in Appendix A for easy reference. More information can be found in
[CG2].

It is convenient to identify the hypercube Q, with the group Z;y. We
view @, as a Cayley graph with the standard system of generators
S ={e; =(1,0,...,0),es = (0,1,0,...,0),...,e, = (0,...,0,1)}. An
oriented edge in Q, is represented by (r,z), where r is the starting
vertex and x is an element from the system of generators S. A walk
is represented by (r,£;¢g), where r is the initial vertex, g is the end
vertex, and £ is a word with letters from S. If £ = z25- - x5 then
the walk (r,&;¢g) is the walk 7 rzy, rejxs, ..., rx129- -2 = g. The
algebraic content of a word ¢ is the element of Z7 that is obtained
by multiplying all the letters of &. If r is a vertex, rf is the vertex
obtained by multiplying r with the algebraic content of £. If £ is the
empty word then r{ = r. A walk (r,§; g) is a path if no subword of &
is algebraically equivalent to the identity (0,0,...,0). A walk (r,§;9)
is a cycle if r = g, ¢ is algebraically equivalent to the identity, and no
proper subword of ¢ is algebraically equivalent to the identity. Instead
of (r,&;r) we denote cycles simply by (r,§).
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We shall use the following notation: &% means the reverse word of &;
&' denotes the word obtained after the last letter is deleted from &; &*
is the word obtained after the first letter is deleted from &; (&) is the
first letter of &, and A\(&) is the last letter of £. The letter v shall be
reserved for steps connecting two plates and the letters x, y, ... shall be
reserved to represent steps along the plates. If A is a set of vertices
and z is any letter in S then x A is the set of all vertices of the form ax
with a € A.

If G is a graph and r is a vertex in G then by V(G) we denote the set of
all vertices of G and by N (r) the set of all vertices in G adjacent to 7.
If a,b are two vertices in Q,, then by dg(a,b) we denote the Hamming
distance between a and b, i.e. the number of components where a and
b differ. By Si(a) we denote the set of vertices at distance k from a.
Finally, for a set A, by |A| we denote the cardinality of A.

3. LONGEST PATHS WITH PRESCRIBED ENDS

In this section we improve all known to us results about longest paths
with prescribed ends in hypercubes with faulty vertices. Theorem 3.1
below has its origin in Lemma 2 and Lemma 4 in [F] and is essentially
that part of Theorem 2 in Fu’s recent paper [F1] that deals with end
vertices of the same parity. The part of Fu’s result that deals with end
vertices of the same parity is contained in Corollary 3.10 and improved
in Corollary 3.12 where up to n — 1 faults are allowed. Theorem 3.1
itself is generalized in two different ways in this section: (1) in Lemma
3.9, and Theorem 3.11, it is extended to allow up to n faults under the
mild condition that each end vertex does not get immediately blocked
by the fault and the other end vertex; and (2) in Theorem 3.13 where
the same n — 2 faults are allowed but the path is required to pass
through an arbitrary prescribed edge that is not incident to the end
vertices or any of the faults.

Our proofs in this section take advantage of recent results from [CG2]
summarized in Table 1 in Appendix A.

Theorem 3.1. Let n and f be integers with either n =1 and f =0
orn>2and0 < f<n—2. Let also F be a set of vertices in Q,, with
cardinality f. Then for any neutral pair of vertices r, g of Q,, — F there
exists a path in Q, — F of length at least 2™ — 2f — 1 that goes from r
to g.

Proof. The proof is by induction on f. When f = 0 the statement is
equivalent to Havel’s lemma [0,0,1,0] = 1 (see [H] or [CG2, Lemma
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3.2]). If f =1 and n > 4 the statement follows easily from [2,0,1,0] =
4 ([CG2, Lemma 3.10]). If f = 1 and n = 3 the statement can be
verified by inspection. Indeed, without loss of generality we can assume
that F consists of a single red vertex r,; that r = r,zy; and that g is
ry, or rz or rxyz for three distinct letters x,y, z. The desired path is
then (r, zzyxz; g), (r,yzzyz; g) or (r,yzyxy;g), respectively.

Assume now that f, > 1 is an integer such that the statement of the
lemma is true for all pairs of integers f,n with 0 < f < f, andn > f+42.
We shall prove that the statement is also true for any pair f,,n with
n > f,+2.

Let n > f, 4+ 2. Split Q,, into two plates in such a way that if f, =
V(@) N F| and f, = |V(QW@P)NF| then 0 < fy < fi < f.. There are
two cases to consider: (1) r and g are on the same plate; (2) r and g
are on different plates.

Case (1). We assume that r and g are on the top plate. The same proof
works for the case when they are on the bottom plate. By the induction
hypothesis there exists a path (r,&; g) of length at least 2"t —2f; — 1
in Q7 — F. Since the path is long enough, we can find words 7, 6 such
that & = nf and neither rpv nor rne(f)v is in F. By the induction
hypothesis again, there is a path (rnu, u;rnp(0)) of length at least
2=t —2fy — 11in Q! — F. The path (r, nuuvb;g) is the desired path
of length at least 2" — 2f, — 1 in Q,, — F.

Case (2). Without loss of generality we can assume that r is in QP
and ¢ is in Q" Let g; be any green vertex in Q' — F such that
giv € F. By the induction hypothesis there exist a path (r,&;g;) of
length at least 2"' — 2f; — 1 in Q" — F and a path (g,v,7;g) of
length at least 271 — 2y — 1 in Q%' — F. The path (r,&vn; g) is the
desired path of length at least 2" — 2f, — 1 in Q,, — F. U

Lemma 3.2. Let n > 3, r, be a red vertex in Q,, and r and g be a
red and a green vertex in Q,, — (N (ry)U{rs}). Then there exists a path
(r,&;9) of length at least 2™ —2n — 1 in Q,, — (N (1) U {ri}).

Proof. The statement is obvious for n = 3. Let n* be a positive integer
such that the statement of the lemma is true for all n with 3 <n < n*.
We shall prove that the statement is also true for n*.

Split @, into two plates so that r € V(Q'?) and g € V(Q"). We

assume that r, € V(Q'). Similar proof works for the case when 7, €
V(QU). Let g1 be a green vertex in Q' — (N(r,) U {r,}). By the

induction hypothesis there is a path (r,7; g;) of length at least 2"~ —
2(n*—1)—1in Q" — (N (r,)U{r,}). Observe that there is at most one
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element of A/(r,) in the bottom plate. Therefore, by Theorem 3.1, there
is a path (gyv, 0; g) of length at least 2" =1 —2—1 in QU — (N (r,)U{r.}).
The path (r,nv6; g) is the desired path of length at least 2" — 2n* — 1
in Qne — (M(re) U {r.}). =
Corollary 3.3. Let n > 3, r, be a red vertex in Q,, and g be a green
vertex in Q, —N(ry). Let also F C N (r,) with |F| < n—1. Then there
exists a path (g,&;7y) of length at least 2" — 2(n — 1) — 1 in Q, — F.

Proof. Let g, € N(r,) \ F and r € N(g,) \ {r+}. By Lemma 3.2, there
is a path (g, ;) of length at least 2" —2n — 1 in Q,, — (N (r,) U{r.}).
The desired path of length 2" —2(n — 1) — 1 in Q,, — F is (g, nzy; 1),
where rx = g,, and g,y = 74. 0

Corollary 3.4. Letn > 3, and r and r, be two red vertices in Q,,. Let
also F C N (r,) with |F| <n—1 and g be a vertex in N'(r,)\ F. Then
there exists a path (r,&; g) of length at least 2" —2(n—1)—1 in Q,, — F.

Proof. Split Q,, into two plates with r, € V(Q!F) and g € V(Q").
Observe that F N V(QY!) = (). There are two cases to consider: (1) r
is on the top plate; (2) r is on the bottom plate.

Case (1). Let g; be any green vertex in Q! — N(r,). By Lemma
3.2 there is a path (r,7;g1) of length at least 2"' —2(n — 1) — 1 in
Qtor — (N(r,) U {r.}). By Havel’s lemma [0,0,1,0] = 1 [H] (or by
Theorem 3.1) there is a path (gyv,0;g) of length 2"~1 — 1 in Q%*. The
desired path of length at least 2" —2(n—1) —1 in Q,, — F is (r,nvb; g).

Case (2). If n = 3 the desired path is the Hamiltonian path in Q%
that connects r to g. Let n > 4. Produce a Hamiltonian path (r,n; g)
of Q! There exist words p and v such that uv = 7 and neither
rpw nor rup(v)v is in N(r,) U{r.}. By Lemma 3.2 there exists a path
(rpw, ¢ rup(v)v) of length at least 27! —2(n—1)—1in Q' — (N (r,)U
{r.}). The desired path of length at least 2" —2(n—1)—1in Q, — F
is (r, poCov; g). O
Proposition 3.5. Let n > 2 and F be a set of vertices in Q, of
cardinality |F| = n+ 1 such that for each 1 < i < n the cardinality of
P7H0)NF is either 1 orn. Then F = N (s)U{s} for some s € V(Q,,).

Proof. The statement is obvious for n = 2. Assume now that n > 3.
Let s = (s1,...,5,) be such that s; = 0 if |P7'(0) N F| = n and
s; = 1 otherwise. For every 1 < ¢ < n there exists a unique vertex
a(i) € F\ {s} such that P;(a(i)) # s;. Clearly every vertex in F \ {s}
differs from s at least at one component. Therefore

a:{1,....,n} — F\ {s}
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defined by the condition P;(a(i)) # s; is an onto function. Since the
cardinality of F \ {s} is at least n it follows that a is also one-to-one.
Therefore, if i # j then a(i) # a(j), hence a(i) € N(s) for every
i. Thus F \ {s} = N(s) and since |F| = n + 1 we conclude that
F = N(s)U{s}. O

Corollary 3.6. Letn >2, A C {1,2,...,n}, and F be a set of vertices
in Q,, of cardinality |F| = |A|+1 such that for eachi € A the cardinality
of P7H(0) N F is either 1 or | F| — 1 and for each i & A the cardinality
of PTH(0)NF is either O or | F|. Then F = (N(s)NV(Q'))U{s}, where
Q' is an |A|—dimensional subhypercube of Q,, and s is a vertex in Q'.

Corollary 3.7. Letn > 2 and F be a set of vertices in Q,, of cardinality
|F| = n. Assume that for some index 1 < iqg < n the cardinality of
P 1(0) N F is either 0 or n and that for all other 1 < i < n the
cardinality of P, *(0) N F is either 1 or n — 1. Let Q' be the hypercube
with vertez set P,'(0) if | P (0) N F| = n and with vertez set P " (1)
otherwise. Then there exists a vertex s € V(Q') such that F = (N (s)N
V(Q)) U{s}.

Proposition 3.8. Let n > 2 and F be a set of vertices in Q, of
cardinality |F| = n such that for each 1 < i < n the cardinality of
P7H0)NF is either 1 or n— 1. Then either F = N (s) for some vertex
s € V(Q,) or there exist two vertices s,t € V(Q,,), with dy(s,t) = 2,
such that F consists of s,t and all the vertices of N'(s) except the two
vertices that are common neighbors of s and t.

Proof. The statement is obvious for n = 2. Assume now that n > 3.
Let s = (s1,...,8,) be such that s; = 0 if |[P~1(0)NF| =n —1 and
s; = 1 otherwise. For every 1 < ¢ < n there exists a unique vertex
a(i) € F\ {s} such that P;(a(i)) # s;. Clearly every vertex in F \ {s}
differs from s at least at one component. Therefore

a:{1,....,n} — F\ {s}

defined by the condition P;(a(i)) # s; is an onto function. If |F\{s}| =
n then a is also one-to-one and therefore F = N (s). If | F\{s}| =n—1
then s € F, and also, there exist unique i,j € {1,...,n}, i # j, such
that a(i) = a(j) = t for some vertex t € F; hence dg(s,t) = 2. Clearly,
a(k) € N(s), for k # i,7, and also the common neighbors of s and ¢
are not in the range of a and therefore, are not in F. O

The following theorem generalizes Lemma 6 in [F].

Theorem 3.9. Letn > 3 and F be a set of vertices of Q,, of cardinality
|F| =n—1. Let also r be a red vertex and g be a green vertex in Q,, —F
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such that F U {r} # N(g) and F U {g} # N(r). Then there exists a
path (r,&; g) of length at least 2" —2(n—1) — 1 in Q,, — F.

Proof. It F C N(r) or if F C N(g) then the statement follows from
Corollary 3.3. Therefore we can assume that F ¢ N (r) and F ¢ N (g).

The statement is easy to verify for n = 3. Assume now that n > 4. Split
@, into two plates such that r» and g are in different plates. Without
loss of generality we can assume that r € V(Q%P). We can also assume
that 0 < fo = |F*! < fi = |F'P|. There are two cases to consider:
(1) i<n—2;and (2) fi =n—1.

Case (1). Let g; be any green vertex in Q' — F such that g;v & F.
According to Theorem 3.1 there exists a path (r,7;g;1) of length at
least 271 —2f; — 1 in Q" — F, and a path (gyv, 0; g) of length at least
21— 2fy —1in Q%' — F. The path (r,nvf; g) is the desired path of
length at least 2" —2(n —1) —1in Q, — F.

Case (2). Let n = 4. There exists a green vertex g; = rx € V(QP)—F.
Let (g1v,&; g) be a Hamiltonian path in @%*. Then the path (r, zv¢; g)
is a path with length nine, as it is required.

To prove our claim for each n > 5 we proceed by induction on n.
Assume that N > 5 is any integer and that the statement is true for
all integers n with 4 < n < N. We shall prove that the statement is
also true for .

Let a be any vertex in F\ N (r) and g; be any green vertex in Q% — F
such that (F \ {a}) U{g1} # N(r) N V(QY) and (F\ {a}) U {r} #
N(g1) N V(QYP). By the induction hypothesis there is a path (r,7; g;)
of length at least 2¥=1 — 2(N —2) — 1 in QY7 — (F\ {a}). There are
three subcases: (i) a is not in the path (r,7;¢1); (ii) @ = ro’ (iii) a is
in the path (r,n;¢1) but a # r'.

Subcase (i). By Havel’s lemma [0,0,1,0] = 1 [H] there is a path
(gq1v,0;g) of length 2¥=1 — 1 in Q%' The path (r,nvf;g) is a path
of length at least 2V —2(N —2) —1in Qy — F.

Subcase (ii). By Havel’s lemma [0,0,1,0] = 1 [H] there is a path
(rn""v, 0; g) of length 2¥=1 — 1 in Q%*. The path (r,n"v0;g) is a path
of length at least 2V —2(N —1) —1in Qy — F.

Subcase (iii). There exist words p and v such that n = uv and a = rpu.
Since a # rn’ the length of v is at least two and since a is not a
neighbor of r the length of p is also at least two. Clearly g is not
contained in at least one of the two disjoint sets A; = {ru"v, g1 (v%) v}
or Ay = {ru'v, g:(v®)"v}.
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Let us assume first that g ¢ A;. Since [0,0,2,0] = 2 (see [D] or [CG2,
Lemma 3.3]), there is a 2—path covering (ru"v,8; g (v%)v), (g1v,¢; 9)
of Q%' Therefore, the path (r, u"vOvv*v(;g) is the desired path of
length at least 2V —2(N — 1) — 1 in Qy — F.

Let us assume now that g € Ay, hence g ¢ A,. If the length of v is
more than two then g;(vf)" # g;, and since [0,0,2,0] = 2 (see [D]
or [CG2, Lemma 3.3]), there is a 2—path covering (ru'v,0; g; (v?)"v),
(q1v,¢; g) of Q%' The path (r, W'vOvr**v(; g) is the desired path of
length at least 2V — 2(N — 1) — 1 in Qu — F. If the length of v is
two then g = ry'v. Let r; € Q%' be a red vertex different from gjv.
Since N > 5 and [2,0,1,0] = 4 ([CG2, Lemma 3.10]) there exists a
Hamiltonian path (rp'v, 8; g1v) for Q% — {ry, g} of length 2¥-1 — 3.
The path (r, 'vOveo(vF)v; g) is the desired path of length at least 2V —
2N —1)—1in Qy — F. O

Corollary 3.10. Let n > 2 and f be integers with 0 < f < n — 2 and
F be a set of vertices in Q,, of cardinality f. Then for any pair of green
vertices g1, go in Q, —F there exists a path of length at least 2™ —2f —2
in Q, —F that goes from gy to gs.

Proof. The statement is obvious if n = 2. Let n > 3 and r = ¢
be a neighbor of go in Q,, such that F U {g1, 92} # N(r). Obviously
FU{r}U{g} # N(g1). Therefore, by Theorem 3.1, in the case when
f <n—3, and by Theorem 3.9, in the case when f = n—2, there exists
a path (g1,&;7) of length at least 2" —2(f 4+ 1) —1in Q, — (FU{g2}).
The path (g1, £z; go) is the desired path of length at least 2" — 2f — 2
in Q, —F. O

Theorem 3.11. Let n > 3 and F be a set of vertices in Q,, of car-
dinality |F| = n. Let also r be a red vertex and g be a green vertex in
Q,, — F such that N(g) ¢ FU{r} and N(r) ¢ F U {g}. Then there
exists a path of length at least 2" — 2n — 1 in Q,, — F that goes from r
to g.

Proof. The statement is obvious for n = 3. We give a separate proof
for n = 4 and use mathematical induction for n > 5.

Let n = 4 and let F be any fault of mass 4 in Q4. We have to exhibit
paths of length at least 2" — 2n — 1 = 7 in Q4 — F that go from g to
r. There are three cases to consider: (1) there is a splitting of Q4 such
that fo = |F»| = 0, and f; = |F"P| = 4; (2) there is a splitting of
Q, such that fy = |F* = 1, and f; = |F!P| = 3; and (3) for every
splitting of Q, there are exactly two deleted vertices on each plate.

Case (1). The four deleted vertices are on Q.
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Subcase (i). r and g are on Q.

Let (rv,n; gv) be a Hamiltonian path of Q4. The desired path of length
at least 7 in Q4 — F is (r,vnu; g).
Subcase (ii). v and g are on Q4.

A Hamiltonian path of Q% that goes from r to g does the job in this
case.

Subcase (iii). ris on QY and g is on QU
If rv # g then there exists a path (rv,7;g) of length six in Q4. Then
the path (r,vn; g) does the job in this case.

Now, let rv = g. Since N (r) ¢ F U {g}, there exists a letter = # v
such that roz & F. Let (rzv,n;g) be a Hamiltonian path of Q%% The
desired path of length at least 7 in Qy is (r, zvn; g).

Subcase (). g is on QY and r is on Q4.
This subcase is equivalent to Subcase (iii).
Case (2). There are exactly three deleted vertices on the top plate.

Without loss of generality we may assume that the deleted vertex on
Q%! is a red vertex 7.

Subcase (i). r and g are on Q.

If gv # ry, then by Theorem 3.1 there is a path (rv,; gv) of length 5
in Q4% — {r,}. The desired path of length at least 7 in Qy is (r, vév; g).

If gv = rq, then there is a letter x # v such that gx ¢ F. There is also
a path (rv,n; grv) that is Hamiltonian in Q%* — {r1}. The desired path
of length at least 7 in Qy is (r,vnux; g).

Subcase (ii). v and g are on QY.

For any choice of 7, g, and r; there exist two different r — g paths P, :
(7, 1129237475, g) and Py 1 (7, y1y2y3yays; g) of length five in Q4% — ry
such that rx; is not a vertex in P, and ry; is not a vertex in P; (the
three essentially different cases are shown in Table 2 in Appendix B).
For convenience let & =2y ...2;, 7, =y1...y; for i =1,...,5 and let
& = no = 0 be empty words. If r§;_1v and r&v are not faulty vertices
for some ¢ then the desired path is (7, &;_1vx 0241 ... x5; g). The same
applies if £ is replaced by 7. One of the two previous situations will
happen if no more than two faulty vertices from the top plate project
down to vertices of P; or P,. If, on the other hand, all the three faulty
vertices on the top plate project down to vertices in each of the paths
Py, P, then rz;v cannot be faulty for rx; is not a vertex in P,. The only
way that no two consecutive vertices of P, are projections of fault-free
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vertices from the top plate is if the faulty vertices of the top plate
are TV, Tr1X20, rr1Tox3x40. Assuming, without loss of generality, that
r1 = rxy and taking P; to be the first path in Table 2 in Appendix
B, we have the following three cases: If P, = (r,zaxyxz;g) then the
desired r — g path in Q4 — F is (r, zayvzav; g); if P, = (r,yzzyz;g)
then the desired r — g path in Q4 — F is (r, yvxrzoyz; g); finally if P, =
(r,yzyzy; g) then the desired r — g path in Q4 — F is (r, xvyzvzyxy; g).
Subcase (iii). ris on Q) and g is on QU

If rv # ¢ then there exists a Hamiltonian path (rv,&; g) for Q% — {r}

which clearly has length 6. Then (r,v¢;g) is the desired path with
length 7.

Now let rv = g. Then N (r)'? ¢ F.1If there exists g, = rz € N (r)"P\F
such that gjv # r; then there exists a path (giv,7; g) of length five in
Q%! — ry. The path (r,zvn; g) is the desired path of length seven in
Q,— F. If for every g, = rx € N(r)?\ F we have g;v = r; then such
g1 must be unique; hence N (r)"? C F U {ryv}. Therefore at least two
of the deleted vertices in the top plate are green. Thus ¢; has a red
neighbor ry, = g1y € QY — F which is different from r. Since there
exists a Hamiltonian path (ryv,§; g) for Q%% — {r;} with length 6, the
desired path with length at least 7 is (r, zyv¢; g).

Subcase (iv). g is on Q7 and r is on QY.

If N(g)'" ¢ F, we select a vertex ry € QI? such that N (r9)™? ¢ F.
Let (g,&;72) be a path of length at least one in Q1 — F, and (rqv,7;7)
be a path of length five in Q%% — {r,}. The desired path of length at
least seven in Q4 — F is (g, &vn; ).

If N(g)tr C F, then (1) gv # r and gv # ry; (2) all the deleted vertices
on the top plate are red; (3) each pair of green vertices on the top plate,
not containing g, can be connected by a path of length two in Q\* — F;
and (4) there is a red vertex ry # r, 71, gv in Q%" and a path (gv, n;73)
of length two in Q4% — {r,r;}. Let (rov,0;7v) be a path of length two

in Q\”” — F. The desired path of length seven in Q4 — F is (g, vnvbv; r).

Case (8). For every splitting of Q, there are exactly two deleted ver-
tices on each plate.

Since there is a splitting that puts r and g on the same plate, we can
assume, without loss of generality, that » and g are on the top plate.
Up to isomorphism, there are five different types of faults that satisfy
the property of this case. It is possible to inspect each case to see that
the desired path of length at least seven always exists. For the benefit



14 NELSON CASTANEDA AND IVAN S. GOTCHEV

of the reader we have arranged all possible cases in a table in Appendix
C. This completes the case n = 4.

Let n > 5. If F C N(s) U{s} for some vertex s, the statement follows
from Lemma 3.2. So we assume that F ¢ N (s) U {s} for any s € Q,,
and proceed by induction.

It follows from the above assumption, Corollary 3.7, and Proposition
3.8 that there are two possibilities: (1) there is a splitting of Q,, into
two plates such that 2 < fo = [F* < |FP| = f; < n —2; and (2)
there exist a splitting of Q,, and two vertices s € F!P and t € Fto
such that dg(s,t) = 2, F'P consists of s and n — 2 neighbors of s, and
Fhot = {t}.

For every one of these two cases we shall consider three subcases: (i) r
and ¢ are on the top plate; (ii) 7 and g are on the bottom plate; (iii) r
and g are on different plates.

Case (1). There is a splitting of Q,, into two plates such that 2 < fo =
| Fot| < | Ffp| = fy < — 2.

Subcase (i). First we consider the extreme case where r is adjacent to
g and either (a) [N (r)NF!?| =n—2or (b) IN(9)NF'P| = n—2. The
cases (a) and (b) are symmetric, so we shall discuss here only case (a).
Let r; be a red vertex in the top plate such that ryv ¢ F. By Theorem
3.9 there is a path (g,n;7r;) of length at least 27! — 2(n — 2) — 1
in Q' — F. By Corollary 3.10 there is a path (rqv,6;rv) of length
271 -92.2-2in Q%' — F. The desired path of length at least 2" —2n—1
in Q, — F is (g, nubv;r).

If the extreme case above does not happen then N (r)? ¢ F'r U {g}
and N (g)tr ¢ F'P U {r}. Therefore, by Theorem 3.1 or by Theorem
3.9, there exists a path (r,&;g) of length at least 2"1 — 2f; — 1 in
Qlor — F. Since 2"t —2f; —1 > 2fy+ 1, there exist two words  and
such that & = nf and neither rnv nor rne(@)v is in F. By Theorem 3.1,
there exists a path (rnv, u; rne(0)v) of length at least 2"t — 2fy — 1
in Q%" — F. The desired path of length at least 2" —2n —1in Q, — F
is (r, nupvd*).

Subcase (i1). The proof is similar to the proof of Subcase (7).

Subcase (iii). Without loss of generality we can assume that r is on
the top plate and ¢ is on the bottom plate. Let g; be a green vertex on
the top plate such that gv ¢ F. By Theorem 3.1 there exists a path
(r,&; g1) of length at least 2"~ ' —2f; —1 in Q'?—F and a path (g;v,n; g)
of length at least 2"t —2f; — 1 in Q%" — F. The path (r,&vn; g) is the
desired path of length at least 2" —2n — 1 in Q,, — F.
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Case (2). There exist a splitting of Q,, and two vertices s € F? and
t € F%! such that dy(s,t) = 2, F'P consists of s and n — 2 neighbors
of s, and F* = {t}.

Subcase (i). By the induction hypothesis, there exists a path (r,&;g)
of length at least 2"~1 — 2(n — 1) — 1 in Q! — F. Since the path is
long enough, there exist words p and v such that & = pv, ruv # t, and
rup(v)v # t. By Theorem 3.1, there exists a path (ruv,n; rue(v)v) of
length at least 271 — 2 — 1 in Q% — {¢}. The desired path of length
at least 2" — 2n — 1 in Q,, — F is (r, ponur*; g).

Subcase (ii). The proof is similar to the proof of Subcase (i).

Subcase (iii). Without loss of generality we can assume that r is on
the top plate and ¢ is on the bottom plate. Let g, be a green vertex on
the top plate such that g;v € F. We can also assume that g, is such
that N'(r)? ¢ F'P U {g} and N(g1)"*? ¢ F'P U {r}. Therefore we
can apply the induction hypothesis and find a path (r,&; g1) of length
at least 2" —2(n — 1) — 1 in Q!? — F. By Theorem 3.1, there is a
path (g1v,n; g) of length at least 271 —2 —1 in Q%! — {t}. The desired
path of length at least 2" —2n — 1 in Q,, — F is (r,&vn; g). O

Now we can improve Corollary 3.10 to allow up to n — 1 faults.

Corollary 3.12. Letn > 2 and f be integers with 0 < f <n —1 and
F be a set of vertices in Q,, of cardinality f. Then for any pair of green
vertices gy, go in Q, —F there exists a path of length at least 2" —2f —2
in Q, —F that goes from gy to gs.

Proof. It 0 < f < n — 2 then the claim is contained in Corollary 3.10.

Let f = n—1. If n = 2 the claim is obvious. If n > 3 then there
exists € N(ga) such that N(g1) ¢ FU {r} and N(r) ¢ FU{q}.
Then it follows from Theorem 3.11 that there exists a path (g;,n;7) of
length at least 2! —2n —11in Q,, — {FU{g2}}. If x € S is such that
T = go, then (gy,nz; g2) is the desired path in Q, — F with length at
least 2771 —2(n — 1) — 2. O

Sometimes it is convenient to prescribe not only the ends of the faultless
path but also a specific edge through which the path is forced to pass.
That is the case covered in the following lemma that is an important
ingredient in the proof of the main theorem.

Theorem 3.13. Let n > 3 and f be integers with 0 < f < n — 2.
Let also F be a set of vertices in Q, of cardinality f. Then for any
neutral pair of vertices r,g in Q, — F and for every edge e = {ry,q1}
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not incident to any of the vertices in F U{r, g}, there ezists a path of
length at least 2™ — 2f — 1 in Q,, — F that goes from r to g and passes
through e.

Proof. In the first part of the proof we justify the claim for all the pairs
fynwith f <2andn > f+2. We let z be the element in S such that
g = nmx.

The claim is obvious for f = 0 and n = 2. For f = 0 and any n > 3
the claim of the lemma follows readily from the fact that [0,0,2,0] = 2
([CG2, Lemma 3.3]). For f =1 and n = 3 the claim can be verified by
inspection. For f = 1 and any n > 4, the claim of the lemma follows
from the fact that [2,0,2,0] =4 ([CG2, Lemma 5.6]). Indeed, let 79, go
be ared and a green vertices in Q,,—{r, g, 71, g1} such that F C {rq, g2}
Let (r,&;91), (r1,m; g) be a two path covering of Q,, —{ra, g2}. The path
(r,€2zm; g) is the desired path of length 2" —2f —1in Q, — F. In a
similar way, if f = 2, n > 4, and the two vertices in F are of opposite
parity, the statement of the lemma follows again from 2,0, 2, 0] = 4.

To finish the first part of the proof we just need to consider the case
when f = 2,n > 4, and the two vertices in F are of the same parity.
Clearly, in this case we can split Q,, into two plates such that

(i) The edge e is contained in QP; and
(i) fo=fi =1, where fo = |7 and f = |F"|.

There are three cases to consider: (1) r and g are on the top plate; (2) r
and ¢ are on the bottom plate; (3) r and g are on different plates. The
proof of each of these cases is similar to the proof of the corresponding
cases in the second part of the proof below.

For the second part of the proof we assume that N > 5 is a positive
integer such that the statement is true for all pairs of integers n, f with
4 <n< N and 2 < f <n—2. We shall prove that the statement is
also true for all pairs N, f with 3 < f < N — 2.

Since f > 3, we can split Qy into two plates such that

(i) The edge e is contained in Q%”; and
(i) 1 < fo, fi < N — 3, where f; = \}"’wty and f; = |Ftor|.

There are three cases to consider: (1) r and g are on the top plate; (2)
r and g are on the bottom plate; (3) r and g are on different plates.

Case (1). By the induction hypothesis, there exists a path (r,&; g) of
length at least 2¥=1 — 2f; — 1 in Q% — F that passes through the
edge e. Since 2V — 2f; — 1 > 2f, + 3, there exist words n and 6 such



EMBEDDED PATHS AND CYCLES IN FAULTY HYPERCUBES 17

that £ = nf and none of the vertices 1, rnp(0), rnv, or rne(f)v is in
F U{ri,g1}. By Theorem 3.1, there exists a path (rnv, u;rne(0)v) of
length at least 2V~1 —2f; —1 in Q% — F. The desired path of length at
least 2V —2f—1in Q,,—F that passes through the edge e is (r, puuvf*).

Case (2). By Theorem 3.1, there exists a path (r,£;¢g) of length at
least 2Vt — 2fy — 1 in Q%' — F. Since 27! — 2f; — 1 > 2f; + 3,
there exist words 7 and 6 such that £ = nf and neither rnv nor rne(0)
is in F U {ry,¢1}. By the induction hypothesis there exists a path
(rinv, ; rne(0)v) of length at least 2¥=1 — 2f; — 1 in Q% — F that
passes through the edge e. The desired path of length at least 2V —2f—1
in Qy — F is (r,nuuvb*; g).

Case (3). Without loss of generality we can assume that r is on the
top plate and ¢ is on the bottom plate. Let g, be any green vertex
in Q%7 — (F U {g1,m}) such that gov is not in F. By the induction
hypothesis, there is a path (r,&; g2) of length at least 2V-1 — 2f; — 1
in Qﬁf}p — F that passes through the edge e. By Theorem 3.1, there
exists a path (gov, u1; g) of length at least 2V—1 — 2f; — 1 in Q% — F.
The desired path of length at least 2 —2f — 1 in Qy — F that passes
through the edge e is (r, fvp; g). O

4. A SPECIAL CASE OF F

In this section we show that a better estimate for the length of the
maximal path in Q,, — F can be obtained if all of the deleted vertices
in F have the same parity and the terminals of the path are of the
opposite parity.

The following two lemmas discuss the case of Q4 and serve as a prepa-
ration to the proof of Theorem 4.3 below and the case n = 5 of the
main theorem that is covered in the next section. We do not consider
here the cases |F| = 1 and |F| = 2 when n = 4 since they are covered
by [1,1,0,1] =2 (see [LW] or [CG2, Lemma 3.5]) and by [3,1,0,1] = 4
([CG2, Lemma 3.17]), respectively.

Lemma 4.1. Let F = {ry,ro, 73} C V(Qy), and g1 and gs be two green
vertices in Qy — F. Then there exists a path (g1,1; g2) in Q4 — F which
has the mazximal possible length ten.

Proof. Without loss of generality we can assume that F'? = {ry,ry}
and F"! = {r3}. We have to consider three cases: (1) the green ter-
minals are on the top plate; (2) the green terminals are on the bottom
plate; and (3) the green terminals are in separate plates.
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Case (1). 1t is easy to see that there are letters z,y € S such that

q1ev, gayv € QY — F. Let (g1wv,&; goyv) be a Hamiltonian path of
bt — {r3}. Then (g1, zv€vy; go) is the desired path of length ten in

Qs —F.

Case (2). Let (g1,€; g2) be a Hamiltonian path of QZOP — {rs}. There

are words pu, v such that £ = pyv and g;pv, g1 /v are in the two dimen-

sional plane parallel to the plane that contains {ry,73} in the top plate.

top

Obviously, there is a path (gyp'v, n; g1pv) of length three in QY F.
Then (g1, 'vnur; go) is the desired path of length ten in Q4 — F.

Case (3). Without loss of generality we can assume that g; is on the
top plate and g5 is on the bottom plate.

If g, is adjacent to both 1 and ry then there is a path (g1, ; g3) of length
four in QY — F, where g5 is in Q) — F and is such that gsv # r5. By
Theorem 3.1 there is a path (g3v,7; g2) of length five in Q4% — F. The
path (g1, &vn; go) is the desired path of length ten in Q4 — F.

If g, is not adjacent to one of the deleted vertices of the top plate, then
top

there is a path (g1,&;rs) of length three in Q,” — F, where r4 is in
‘P _ F and is such that r4v # go. Let (r4v,7;¢2) be a Hamiltonian
path in Q%" — {r3}. The path (g;,&vn; go) is the desired path of length

ten in Q4 — F. O

Lemma 4.2. Let F = {ry,ro,r3,74} C Qu, and g1 and gs be two
green vertices in Q4 — F such that N'(g1) ¢ F and N(g2) ¢ F. Then
either there exists a path (g1,m; g2) in Qy— F with the maximal possible
length eight or else, there is a partition of Q4 into plates such that
F C V™), {g1, 92} € V(QEY), and the mazimal length of a path

(91,73 ga) 1is si.

Proof. We consider two cases: (A) there exists a partition such that
F C V(Qr); and (B) every partition has deleted vertices in each plate.

Case A. Assume that F C V(QYP) for some partition. If g;, g, are on
the bottom plate, then by Corollary 3.12, there is a path (g1,7; g2) of
length 2"~ — 2 = 6 in the bottom plate. There is no path longer than
that since no path from g; to g, can visit the top plate which has all
the red vertices deleted. If both g; and g9 are on the top plate, then
there is a path (g,v,&; gov) of length six in the bottom plate. The path
(g1,v€v; go) is the desired path of length eight in Q4 — F. If gy, g, are
not on the same plate we can assume without loss of generality that
g1 is on the top plate and g, is on the bottom plate. There is a path
(g1v,&; g2) that is Hamiltonian for the bottom plate. Then the path
(g1,v€; g2) is the desired path of length eight in QY% — F.
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Case B. Split Qg into two plates such that g € V(QY*) and g, €
V(Q%"). Then we have to consider the following three subcases: (1)
| Ftop| = 4; (2) |FP| = 3; and (3) |F'P| = 2 for all possible splittings
that separate g; from g».

Subcase (1). If (g1v, &; g2) is a Hamiltonian path in Q4 then (g1, v€; g2)
is the desired path of length eight in 9, — F.

Subcase (2). We assume that 7, is the deleted vertex in the bottom
plate. Up to isomorphism the possible configurations for F*? are (a)
Flor = { g1z, 1y, g12}; and (b) F'P = {g1x, 1y, 1xyz}, where z,y, z €
S.

(a) In this case, up to isomorphism, F°* = {gvxy} is the only pos-
sibility for F®!. Again, up to isomorphism, there are three possi-
bilities: ¢» = givryz, g2 = givx, or go = ¢gyvz. In the first case
the path (g1, vrzvyzvr; gs) does the job; in the second case the path
(g1, vyzvayvz; go) does the job; and in the last case (g1, vrzyvzvy; gs)
does the job.

(b) Observe that there is a path (g1, &; g3) of length two in Q\ — F
such that gsv # r4. There is also a path (g3v,n; g2) of length five in

bt — {r,} (Theorem 3.1). The path (gi,&vn; go) is the desired path
of length eight in Q4 — F.

Subcase (3). For this subcase there is a red vertex r and letters z,y € S
such that F = {r,rzy, rvz, reyvz}. Then, up to isomorphism, there are
two possible values for g, : g1 = rx; or g3 = rz. The following table
shows fault-free paths of length eight from either of the two values of
g1 to every green vertex g, in the bottom plate.

g> | path from ¢g; = rx | path from ¢, = rz

rv VZUYTZVY TYTVZTYT
rTyv VZUYTZUT TYTVZYTY
rTzU 2YTVZIYZ TYTVZTYZ
rYyzv VZUYTZVZ YTYVZYTZ

O

For the proof of the following general result we use the previous two
lemmas.

Theorem 4.3. Let n > 5 and [ be integers with 1 < f < n. Let also
F be a set of red vertices in Q,, with cardinality f. Then for any pair of
green vertices g1, ¢gs in Q, — F such that N(g1) ¢ F and N(g2) ¢ F,
there exists a path (g1,m; g2) with the maximal possible length 2™ — 2 f
m 9, — F.
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Proof. First, let us observe that if f = 1 the statement of the theorem
follows immediately from [1, 1,0, 1] = 2 ([LW], [CG2, Lemma 3.5]), and
that if f = 2, the statement of the theorem follows from [3,1,0,1] =4
([CG2, Lemma 3.17]).

Now, let 3 < f < n and n > 5. The proof is by induction on n.
Without loss of generality, we can assume that for any given partition
of Q,, into two plates Q!? and Q" we have fy = |F*!| < |FiP| = f.
The following two cases exhaust all possible situations: (1) for some
partition we have 1 < fy < f; < n —2; and (2) for every partition
fizn—1

Case (1). Split Q,, into two plates such that 1 < fo < f; < n —2.
Then we have to consider three subcases: (a) g; and gy are on the top
plate; (b) g1 and go are on the bottom plate; and (c) g; is on the top
plate and g, is on the bottom plate.

Subcase (a). By the induction hypothesis (if n > 5), by Lemma 4.1 (if
n =>5and f; = 3), or by [3,1,0,1] =4 (if n = 5 and f; = 2) there
exists a path (g1, &; g2) of length 271 —2f; in Q% — F. Since the path
is long enough (2"~ ' — 2f; > 2f, if n > 5), there are words p, v such
that £ = pv, and neither g, p’'v nor g v is in F. By Theorem 3.1, there
is a path (g1/'v, n; g1pwv) of length at least 27! — 2f; — 1 in Q% — F.
Then (g1, 'vnur; go) is a path of length at least 2" — 2f in Q,, — F.
Since that is the maximal possible length of a path that connects g; to
g2 in Q,, — F, the proof of this subcase is completed.

Subcase (b). By the induction hypothesis (if n > 5), by [3,1,0,1] = 4
(if n=>5and fo =2), or by [1,1,0,1] =2 (if n = 5 and fy = 1) there
exists a path (g1, &; go) of length 2"~ — 2, in Q%! — F. Since the path
is long enough (2" ' —2fy > 2f; +2 if n > 5), there are words u, v such
that & = v, neither gyp'v nor gypw is in F, N(gip'v)"? ¢ FU{giuv},
and N (gypw)*? ¢ F U {gip'v}. By Theorem 3.1 (if f{ <n — 3), or by
Theorem 3.9 (if f; = n — 2), there is a path (g;/v, n; g1uv) of length
at least 2"71 — 2f; — 1 in Q! — F. Then (g1, p/vnor; g2) is a path of
length 2" —2f in Q,, — F. Since that is the maximal possible length of
a path that connects g; to go in Q,, — F, the proof of this subcase is
completed.

Subcase (¢). Since n > 5, there exists a red vertex r in QP such
that r is not in F, N(g1)"? ¢ F U {r}, and rv # go. By Theorem 3.1
(if f4 < n —3), or by Theorem 3.9 (if f; = n — 2), there is a path
(g1,&;7) of length at least 271 —2f; — 1 in QP — F. By the induction
hypothesis (if n > 5), by [3,1,0,1] = 4 (if n = 5 and fy = 2), or by
[1,1,0,1] =2 (if n =5 and fy = 1) there is a path (rv,n; g2) of length
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2=t — 2fy in Q! — F. Then (g1,&vn; g2) is a path of length at least
2" —2f in Q, — F. Since that is the maximal possible length of a path
that connects g1 to gs in Q,, —F, the proof of this subcase is completed.

Case (2). This case can occur only if f = n. Since all deleted vertices
are red, it follows from Proposition 3.8 that F = N (g) for some green
vertex ¢ in the top plate. By hypothesis g has to be different from
g1 and go. Without loss of generality, we can assume that g; is on the
top plate and g is on the bottom plate. Since n > 5, there is a red
vertex r in Q%P — F such that rv # go. By Theorem 3.11, there is a
path (g1, &;7) of length at least 27! —2f; — 1 in Q! — F. Also, since
[1,1,0,1] = 2, there is a path (rv,n; g») of length 2"~ — 2 in Q! — F.
Then (g1,&vn; go) is a path of length at least 2" — 2f in Q,, — F. Since
that is the maximal possible length of a path that connects g; to g5 in
Q,, — F, the proof of this case is completed. O

5 THE CASE n =25

In this section we prove the case n = 5 of the main theorem. Notice that
our theorem improves by 2 (in the case n = 5) the estimate provided
by Fu’s theorem and as the example given in the introduction shows,
8 is the exact upper bound for f in this case.

Theorem 5.1. Let n = 5 and f be an integer such that 0 < f <
3n—T7=38. Then for any set of vertices F in Q,, of cardinality f there
exists a cycle in Q, — F of length at least 2" — 2f.

Proof. Since Fu’s Theorem covers the cases 0 < f < 6, we just need
to prove our claim when f =7 and f = 8. Without loss of generality,
we assume that for any splitting of the hypercube we have 0 < f; =
| Fbot] < |FtP| = f; < 8. Let (k,8 — k) mean that fo =k, f =8 — k.

Part One. For this part f = 8.

The strategy of the proof is as follows: We consider all possible cases
in the following order: (0,8), (1,7),(4,4), (3,5) leaving for the end the
case when each splitting is of type (2,6).

The case (0, 8) is solved by any Hamiltonian cycle in the bottom plate.

For the case (1,7) let us assume, without loss of generality, that the
faulty vertex on the bottom plate is a red vertex r. Then there exists
a red vertex rq in Q?’p — F and a letter x € S different from v such
that neither r1v nor rizv is in F. Let (rv,&;r2v) be a path of length
201 —2 -1 =13 in Q¥ — F (Theorem 3.1). Then (r;,v€vz) is the
desired cycle of length 2" — 2f = 16 in Q5 — F.
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For the case (4, 4) we consider three subcases: (1) each plate has faulty

vertices of both colors; (2) all faulty vertices of Qi are of the same

color and are not contained in any three dimensional subcube of Qt;p ;
(3) all faulty vertices of QL are of the same color and are contained

. . . t
in a three dimensional subcube of Q:.

Subcase (1). Since each plate contains at most three deleted vertices
of a given color, there are two non-deleted vertices r, g in the bottom
plate such that (a) rv and gv are not in F; (b) N%(r) ¢ F* U {g};
(c) N™i(g) ¢ Foo U{r}; (d) N@(rv) ¢ Fior U{gu}; () N?(gv) ¢
FP U {rv}. Then, by Theorem 3.11, there exists a path (r,&;g) of
length at least 271 — 2f; — 1 = 7 in Q%" — F and a path (gv, n;rv) of
length at least 2"~ ' — 2f; — 1 = 7 in Qi — F. The cycle (r, Evnu) is
the desired cycle of length at least 2" — 2f = 16 in Q5 — F.

Subcase (2). We can assume that all faulty vertices in the top plate are
red. Let (r,€) be a cycle of length at least 2"~ — 2y = 8 in Q¥ — F
(Theorem 1.1). Since this cycle has four distinct red vertices, we can
assume that r, £ have been selected in such a way that N (rv) ¢ F'op
and N (r&’v) ¢ F'P. Then, by Lemma 4.2, there is a path (rv, n; r"v)
of length at least eight in Q5 —F. The cycle (r, vnu(£”)F) is the desired
cycle of length at least 2" — 2f = 16 in Q5 — F.

Subcase (3). We split Q7 into two plates QLP'” and QL""" such that
all deleted vertices in Qi are red and are contained in Qi"'”. Let u
be the letter such that Q""" = 4 QPP We also denote v Q"' by
got,top and UQtE)op,bot by ngot,bot'
bot,bot

If all deleted vertices of the bottom plate are in Q; then we can
proceed as follows. Let 71,5 be any two red vertices in Q'"". Then,
by Corollary 3.10, there exists a path (71, ;) of length 272 — 2 =6
in Q" and a path (rouv,n; ryuv) of length 272 — 2 = 6 in QP
Then (ry, {uvnuu) is the desired cycle of length 2" —2f = 16 in Q5 — F.

If there are less than four deleted vertices in QgOt’bOt then there exist a
red vertex r and a green vertex g in Q%" — F such that N'(r)" ¢

Fot U {g} and N(g)*" ¢ Fb U {r}. Then, by Theorem 3.11, there
exists a path (g,n;r) of length at least 2" 1 —2f; — 1 =7 in Q¥ — F.
Finally, let (rv,&; gv) be a path of length 7 in Qi”*". Then (r, vévn)
is the desired cycle of length at least 2" — 2f = 16 in Q5 — F.

In the case (3,5), according to Theorem 1.1, there exists a cycle (a,n)
of length at least eight in QP — (F \ {b}), where b € F'” and a is
chosen to be b if the cycle passes through b, or else, any vertex in the
cycle.
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There are two subcases: (1) all faulty vertices of the bottom plate are
of the same color; (2) there are faulty vertices of both colors in the
bottom plate.

Subcase (1). We can assume that all faulty vertices in the bottom plate
are red.

If a is green, produce a path (an'v, &; a(n)'v) of length ten in Q% — F.
Such path exists according to Lemma 4.1. Then (a(n®)’,n*vév) is a
cycle of length at least 10 +2+6 = 18 in Q5 — F.

If a is red, produce a path (an”v,&; a(n™)"v) of length ten in Q% — F.
Such path exists according to Lemma 4.1. Then (a(n®)”, n*vév) is a
cycle of length at least 10 +2+4 =16 in Q5 — F.

Subcase (2). Without loss of generality we can assume that there are
two red vertices and one green vertex in F°.

If a is a green vertex, then at least one of the pairs (an'v,a(n™)"v)
or (an”v,a(n®)'v) of green vertices does not contain a deleted vertex.
Since both cases are symmetrical we shall consider only the case when
(an'v, a(nf)"v) does not contain the deleted green vertex. Produce
a Hamiltonian path (an'v,&;a(nf)”v) of length twelve in Q%! — F.
Such path exists since [3,1,0,1] = 4 ([CG2, Lemma 3.17]). Then
(a(nf)" n**vév) is a cycle of length at least 124+2+4 = 18 in Q5 — F.

If a is a red vertex then there are at least three more red vertices rq,
ro, and r3 in (a,n). At most one of the three green vertices riv, ryv,
or r3v is a deleted vertex. Without loss of generality, we can assume
that rv and 7r9v are non-deleted vertices. Let (r1,(;72) be the path
along (a,n) that does not contain a. Clearly, the length of this path is
at least two. Produce a Hamiltonian path (rov, &;rv) of length twelve
in Q%' — F. Such path exists since [3,1,0,1] = 4 ([CG2, Lemma 3.17)).
Then (r1, (vév) is a cycle of length at least 12+2+2 = 16 in Q5 — F.

Finally, we consider the case when each splitting is of type (2,6). We
split Q% into two subcubes QgOt’wp and QgOt’bOt such that each one of

them contains exactly one deleted vertex. This splitting partitions the

top plate into Q°P? and QI”*. One of these subcubes must contain

exactly 5 deleted vertices and the other, say Q""" must contain only

one deleted vertex. Let r be the deleted vertex in QXP*" and let g1, o

be vertices of the opposite parity in Q" such that neither g;v nor

g2v is deleted (as always, v is the letter such that Qt;p = vQ¥"). Let
top,bot

(91,&; g2) be a Hamiltonian path in O —{r}, and (gov,n; g1v) be a
path of length at least 2 —4 —2 in Q%! — F*! gnaranteed by Corollary
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3.10. Then the desired cycle in Q5 — F is (g1, vnv). Observe that in
this case the cycle is actually of length 6 +2 + 2% —4 — 2 = 18.

This finishes the proof for f = 8.
Part Two. For this part f = 7.

The strategy is to cover the cases (0,7),(1,6), and (3,4) first so that
the remaining case is when all the splittings are of type (2,5).

The case (0, 7) is solved by any Hamiltonian cycle in the bottom plate.

For the case (1,6) let us assume, without loss of generality, that the
faulty vertex on the bottom plate is a red vertex r. Then there exist two
red vertices 71,75 in Q57 —F and letters x,y € S\ {v} such that none of
rix, rixv, roy, royv is in F. Let g be any green vertex in Qg‘)t—{rlv, Tou}.
Since [2,0,2,0] = 4 ([CG2, Lemma 5.6]), there exists a 2-path covering
(110, & 19y0), (rov, m; 11wv) of QX — {r, g}. Then (1, vévyvnuz) is the
desired cycle of length 124+2+1+2+1=18in Q5 — F.

The case (3,4) can be handled in the following way. As explained in
the next paragraph, one can find in Q¥ a green vertex g and a red
vertex 7 such that (1) N (r)®" ¢ F U {g}; (2) N(g)*" ¢ FuU{r}; (3)
N(rv)r ¢ FU{gv}; and (4) N(gv)*? ¢ FU{rv}. Then, by Theorem
3.9 and Theorem 3.11, there exists a path (r,&; g) of length at least nine
in Q% — F, and a path (gv,n;rv) of length at least seven in QX7 — F.
The desired cycle of length 2" — 2f = 18 in Q5 — F is (r,{vnu).

Here we explain how to choose the vertices r and g with the properties
(1) — (4) mentioned above. Let F = vF U Ft! Clearly |F| <
7. Without loss of generality we may assume that r(F) < g(F). In
particular, not all the vertices in F'P are green. Hence for any green
vertex g € Q% — F we have N (gv) N Q5% # F'°P. In the extreme case
when all the vertices in F are of the same color, which by assumption
must be green, we choose g to be the only green vertex on the bottom
plate that is not in F. Among the four red vertices of Q%" that are at
distance three from g, it is easy to find a vertex r to satisfy conditions
(1) = (4). If not all vertices in F are green, let g1, go be two distinct
green vertices in Q%! — F. Let us declare a red vertex in Q¥ to be
bad if it is in F or if all of its neighbors in the bottom plate are in
F. There are at most 5 bad red vertices in Q% : at most 3 deleted
and at most two whose all neighbors in Q% are in F. On the other
hand |(S3(g1) U S3(g2)) N Q%] > 6. Therefore there is a red vertex in
(S3(g1) U S3(g2)) N Q%! that is not bad and that one is our choice of 7.
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Without loss of generality we may assume that r € S3(g;). Then g; is
our choice of g.

Finally when all the splittings are of type (2,5) we can proceed exactly
as we did in Part one when all the splittings were of type (2,6) and
as it was pointed out there we can produce a cycle of length 18 in
Qs — F. O

6. PROOF OF THE MAIN THEOREM FOR n > 5

Now we are ready to prove our main theorem for every n > 5.

Theorem 6.1. Letn > 5 and f be integers with 0 < f < 3n—7. Then
for any set F of vertices in Q,, of cardinality f there exists a cycle in
9, — Fof length at least 2™ — 2 f.

Proof. The proof is by induction. Thanks to Fu’s theorem (Theorem
1.1) we can assume that f > 2n — 4, thus f > n + 1. Therefore, there
exists a splitting of Q,, such that 2 < f = |F*| < f1 = |F'P| < 3n—-9.

The case n = 5 was considered in the previous section.

Now let n > 6. We have to consider two cases: (1) fo =2, fi =3n—09;

Case (1). There are two possibilities: (i) all vertices in F*? are of the
same color, and all vertices of F%' are of the opposite color; or (ii)
there exists a vertex in F™ with the same color as a vertex in F°°.

Subcase (i). Without loss of generality, we can assume that the vertices
in F'P are green and the vertices in F*°! are red. Let g; be any vertex in
F'P_ By the induction hypothesis, there exists a cycle (g,&) of length
at least 27! — 2(f; — 1) in Q% — (F"P \ {g,}), where g is chosen
to be ¢1, if ¢g; is in the cycle, or ¢ is any green vertex in the cycle,
otherwise. Since [3,1,0,1] = 4 ([CG2, Lemma 3.17]), there is a path
(g€v,m; g(£%)'v) of length 2771 — 4 in Q! — F. Then (gp(£), *vno)
is a cycle of length 2" —2f + 2 in Q,, — F.

Subcase (ii). Without loss of generality, we can assume that there is a
green vertex g; in F' and a green vertex g in F*!. By the induction
hypothesis, there exists a cycle (g, &) of length at least 2"t — 2(f; — 1)
in Qi — (Ftr\ {g,}), where g is chosen to be gy, if g; is in the cycle,
or g is any green vertex in the cycle, otherwise. We can also assume,
without loss of generality, that g&'v # gs.

If the second vertex in F% is also green, then g&”v and g(¢%)"v are
two red vertices in Q%' — F. Therefore, since [3,1,0,1] = 4 ([CG2,
Lemma 3.17]), there exists a path (g&"v,n; g(¢%)"v) of length 2"~ — 4
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in Q%! — F. Then (g(£8)”, (€**)"vnv) is a cycle of length at least 2" —2f
in 9, —F.

If the second vertex in F*! is red, then either g(¢%)'v or g(£%)"v is
not in F. In the first case, since [3,1,0,1] = 4, there exists a path
(g€'v,m; g(£%)'v) of length 2~ —4 in Q%! — F. Then (g(£%)', (£*) vno)
is a cycle of length at least 2" — 2f 4+ 2 in Q,, — F. In the second case,
again according to [3, 1,0, 1] = 4, there exists a path (g&'v,n; g(£7)"v)
of length 2771 — 4 in Q%" — F. Then (g(£8)", (€***)'vno) is a cycle of
length at least 2" — 2f in Q,, — F.

Case (2). Observe that 3n — 10 = 3(n — 1) — 7. Therefore, by the
induction hypothesis, there exists a cycle (r, ) of length at least 2"~ —
2f1 in Q! — F where r is some vertex in Q%7 — F. The cycle (r, &) has
length 2" 1 —2f; > 4f, with equality if and only if n = 6, fo = 5, f; = 6.

If at least one out of every four consecutive vertices along (r,§) is
adjacent to a faulty vertex in Q%°', then n = 6, fo = 5, fi = 6 and all
the vertices of Q™ that are adjacent to the five faulty vertices of QU
divide the cycle (r,€) into five paths each of length 4. Let a,b be two
vertices in the cycle (r,&) at distance two from each other and such
that av,bv ¢ F, N(av) # F* and N (bv) # F*. Observe that the
parity of all the faulty vertices in the bottom plate is opposite to the
parity of av and bv. Let n,z,y be a word and two letters such that
(r,&) = (a,nzy), with an = b. By Theorem 4.3 there exists a path
(bv,v;av) in Q% — FP! of length 271 — 2f,. The desired cycle in
Qs — F is (a, nuvv).

We can assume now that along the cycle (r, £) there are four consecutive
vertices adjacent to non-faulty vertices in Q4. Thus there are words
n, 0, and a letter w € S such that & = nw#, and none of ry'v, ryo,
rnwv, or rnwe(f)v is in F. Split Q% further into two plates @', Q"
such that @ = wQ”. Without loss of generality, we can assume that
f=1Fnv(Q)| < fi = |FnNV(Q")|, and that rn'v and rnv are in Q'.
We shall consider separately the case when fj = 0 and the case when
fi> L

First, assume that f; = 0 and let a € F"!. It is clear that if n > 7
then fi —1 < 3T —1<3n—13=3(n—2)— 7 and if n = 6 then

g—1<5—-1=4=2(n-—2)—4. Therefore, by Fu’s theorem (if
n = 6), or by the induction hypothesis (if n > 7), there exists a cycle
(b,¢) of length at least 272 — 2(fy — 1) in Q" — (F \ {a}), where b is
some vertex in Q" — F. There are two subcases to consider: (i) a is in
the cycle (b,(); and (ii) a is not in the cycle (b, ().
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Subcase (i). a is in the cycle (b,(). Then there exist words p and v
such that ( = pur and a = bu. There are four possibilities.

(a) {op"w, ap(v)w} N {rn'v,rpv} = 0.

Let (rn'v, a5 ap(v)w), (bu'"w, 5;rnv) be a 2—path covering of Q. Such
path covering exists since [0,0,2,0] = 2 ([CG2, Lemma 3.3]) and
0,0,0,2] = 4 ([CG2, Lemma 3.13]). The desired cycle of length at
least 2" — 2f in Q,, — F is (r, n'vawv* 1" wHvwd).

(b) {br"w, ap(v)w} = {rn'v, rnv}.

Then {by'w, ap(v*)w}N{rn'v,rnv} = 0 and therefore the desired cycle
could be constructed as in (a).

(¢) bu"w = rnu and ap(v)w # rn'v.

Let (rn'v,a;ap(v)w), be a Hamiltonian path for @ — {rnv}. Such
Hamiltonian path exists since [1,1,0,1] = 2. The desired cycle of
length at least 2" — 2f in Q,, — F is (r, vawr* " wowb).

(d) bp"w # rnu and ap(v)w = ry'v.
This case is similar to case (c).

Subcase (ii). a is not in the cycle (b, (). By replacing b, if necessary,
with some other vertex in the cycle, we can assume that {bw,b¢'w} N
{rn'v,rpv} = 0. Let (rn'v, a; bw), (b¢'w, B;rnv) be a 2—path covering
of @'. Such path covering exists since [0,0,2,0] = 2 (see [D] or [CG2,
Lemma 3.3]) and [0,0,0,2] = 4 ([CG2, Lemma 3.13]). The desired
cycle of length at least 2" — 2f in Q,, — F is (r, vaw('wfvwd). (The
cycle is actually of length at least 2" — 2f + 2.)

Now, let us assume that f) > 1. In this case if n > 7 then fj < % —
1 <3n—13=3(n—2)—7andifn = 6then fj <5-1=4=2(n—2)—4.
Therefore, by Fu’s theorem (if n = 6), or by the induction hypothesis
(if n > 7), there exists a cycle (c,u) of length at least 2772 — 2fY
in Q" — F. Since this cycle is long enough (or, more precisely, since
207221 > 2(f{+2) when n > 6) there exist ¢ and p such that neither
cw nor cpfw is in F U {rn'v,rnu}. Also, it follows from f} < f' and
n > 6 that fj < [22=T| < (n—2)—2. Therefore, Theorem 3.13 applies,
and there is a path (rn'v, ¢; rnv) of length at least 2" 2—2f/—1in Q' —F
that passes through the edge {cw, cp/w}. Without loss of generality, we
can assume that ( = pu~y for some words p,y and a letter u € S, such
that rn'vp = cw and rnv = cp’w~y. The desired cycle of length at least
2" —2f in Q, — F is (r,n'vpwp wyvwd). O



28 NELSON CASTANEDA AND IVAN S. GOTCHEV

APPENDIX A. PATH COVERINGS WITH PRESCRIBED ENDS

Table 1 summarizes some of the results obtained in [CG2] on path cov-
erings with prescribed ends in faulty hypercubes. The rows represent
admissible combinations of M and C' and the columns contain all the
values of N and O such that N + O < 3. Each star in the table repre-
sents an impossible case. The missing entries in the table correspond
to values of [M,C, N, O] that we do not know yet. The inequalities
in the table represent an upper or lower bound of the corresponding
entry.

TABLE 1

MC\NO |01 [10]20| 11 |02[30] 21 | 12 | 03
00 x| 112 %« [ 4]0 « [ <6]| %
11 2 x| x| 4 | x| x[Z<6] x <6
20 x| 414 x |5 * *
22 * | x| x| x [ 4| x| x | <6] %
31 4 | x| x| 5 | x| % *
33 * | k| x| x| K| x| X * [ <6
40 * | 5 * * *
42 * | % | x| % 5 x| % *
44 x| x| x| % | % | %] % * *
51 51 % | % |>5H] x| % *

APPENDIX B. PATHS IN Q3

Table 2 shows the two different paths that connect a red vertex r to a
green vertex g in Q3 —ry, where 7 is a red vertex. We assume without
loss of generality that r = rizy for two different letters x,y. Let also
z be a third letter different from x and y. The table gives the three
essentially distinct cases of g. Each path is represented by the word
that should be followed in order to go from 7 to g.

TABLE 2
g | First Path | Second Path
Ty 2TYTZ TZYTZ
rz YZTYT xzYyTy
reyz | yzyry rZTYT

The reader can observe that for each case the two paths together cover
at least 7 different edges. Observe also that for each value of g the
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second vertex of either path (counted from r) is not contained in the
other path. For example, when g = ry, the second vertex of the first
path is rz and is not contained in the second path. At the same time
the second vertex of the second path is rz and it is not contained in
the first path.

APPENDIX C. SPECIAL CASES FOR THEOREM 3.11

Table 3 contains, up to isomorphisms, all the possible configurations
of faults of mass 4 in Q4 with the property that each splitting sepa-
rates the fault with exactly two vertices on each plate. For each type
of fault there is also a complete, up to isomorphisms, list of possible
distributions of the red and green terminals on the top plate. Finally
the table shows paths of length at least 7 in Q, — F for each case.

TABLE 3
F r | g path

E,TY, 2V, 20y | T |xZ vrYZUITY
r |yz 2VZYTZV
z |xz YZVTYZU

E,TY, T2V, 20Y | T |xZ| vyryzvyIy
r |yz| zyvzyryvz
z |xz | yzvyryzoy

E,T,Yz0,TYZv | Yy |yr| zryvzryrv
y |yz | xvryrzvyr
y |z | zxzvryrzu
zZ | 2y | xyzvyzTRYvZ

8
<
[\

2y | 2vyzazyvz
Ty | 2vzYyTZYVYZT
TZ | YTZYvYZTYZU
yz | zvzyrzyvy
TZ | Y2xYvYyT2YyTv
ry | yzvzyrvzy
Ty | zryzvYyZTYZU
TZ | YTZYvZYTZYU
yz | zxvryzrvz
TZ | YRUYZTYRZUYZ
Ty | yzvyzryzv
Ty | 2yrvrzyrv
T2 | 2YvzYyTvYZ
Yz | vyzryzvyzry

E,XYZ,V, TYZV

€, TYZ, TV, YZU

L8y 888K
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The notation is as follows. ¢ denotes a fixed vertex that we can think
of as the vertex (0,0,0,0). Any other vertex a is represented by a word
that would label a path from € to a. Finally, each path is represented
by the word that represents the steps to follow starting from the first

terminal.
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